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An artificial neural network-based critical
values for multiple hypothesis testing: data-
snooping case
Vinicius Francisco Rofatto 1∗, Marcelo Tomio Matsuoka 1,2,3, Ivandro Klein
4,5, Maria Luísa Silva Bonimani 2, Bruno Póvoa Rodrigues 2, Caio Cesar de

Campos1, Mauricio Roberto Veronez 3 and Luiz Gonzaga da Silveira Jr. 3

Data Snooping is the most best-established method for identifying outliers in geodetic data
analysis. It has been demonstrated in the literature that to effectively user-control the type I
error rate, critical values must be computed numerically by means of Monte Carlo. Here, on the
other hand, we provide a model based on an artificial neural network. The results prove that the
proposed model can be used to compute the critical values and, therefore, it is no longer
necessary to run the Monte Carlo-based critical value every time the quality control is
performed by means of data snooping.
Keywords: Quality control, Reliability, Outlier detection, Monte Carlo, Artificial intelligence, Artificial neural network

1. Introduction
Outlier is an observation that has moved away from most
likely value to the point of not belonging to the math-
ematical model (functional and stochastic) stipulated.
Therefore, it is better to either not use it or not use it as
observation (Lehmann 2013). Failure to identify an out-
lier can jeopardise the reliability level of a system.
Because of its importance, outliers must be appropriately
treated to ensure the quality of data analysis (Rofatto
2020b).
Data Snooping is one of the most best-established

methods for processing observations contaminated by
outliers. It has also become very popular and is routinely
used in adjustment computations (Ghilani 2017). This
testing procedure consists of screening each individual
observation for the presence of an outlier. The test stat-
istic employed in the data snooping is given by a normal-
ised least-squares residual, and it is well-known as w-test
(Baarda 1968). The w-test, which is based on a linear
mean-shift model, can also be derived as a particular
case of the generalised likelihood ratio test (Teunissen
2006).
In principle, w-test only makes a decision between the

null, denoted by H0, and a single alternative hypothesis,

say Ha. The model under the null hypothesis is often for-
mulated under the condition of absence of outliers,
whereas the alternative model is proposed when there is
an outlier in the dataset. In order to verify whether the
alternative hypothesis is significant or not (i.e. whether
we accept or reject the null hypothesis), the w-test statistic
is compared with its critical values (i.e. the percentile of
its probability distribution), which can be taken from
well-known standard normal distribution. In that case,
rejection of null hypothesis H0 automatically implies
acceptance of the alternative hypothesis Ha, and vice
versa (Imparato et al. 2019).
In that case, the probability level associated with data

snooping is restrict to type I error (rejection of a true
null hypothesis) and type II error (acceptance of a false
null hypothesis). The probability of committing the
type I error is well-known significance level or type I
error rate (denoted by a0), which is controlled by the
user. However, data snooping is by nature a procedure
that involves multiple hypothesis testing (Teunissen
et al. 2017; Zaminpardaz and Teunissen 2019). The mul-
tiple hypothesis testing problem occurs when a number of
individual hypothesis tests are considered simultaneously.
This means testing H0 against H(1)

a , H(2)
a , . . . , H(n)

a
(Lehmann 2012).
To make it clearer, let’s start by assuming that the indi-

vidual tests are independent and the significance level for
each test (ai) be a0; then the probability that one of the
tests is rejecting the null hypothesis is given by Lehmann
and Lösler (2016):

a′ = 1−
∏n
i=1

(1− ai) = 1− (1− a0)
n (1)

which a′ is the probability of making one or more false
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positives, or type I errors, when performing multiple
hypotheses tests. It is known as family-wise error rate
(FWER).
In this case, the significance level or the type I error rate

of individual tests (a0) no longer represents the error rate
of the combined set of tests (denoted by a′).
For example, let the significance level of individual

tests be a0 = 0.05; if ten tests were run, the probability
of rejecting at least one true null hypothesis would be
0.4, and if 50 tests were run for the same a0 = 0.05,
then we would have a′ = 0.92. If multiple hypotheses
are tested, the chance of observing a rare event increases,
and therefore, the probability of incorrectly rejecting a
null hypothesis (i.e. committing a type I error) increases
(Mittelhammer et al. 2000). Figure 1 shows the behaviour
of the FWER (a′) in function of the number of the tests,
and for a0 = 0.01, a0 = 0.05 and a0 = 0.1.
Therefore, we are interested in controlling a′. In this

context, methods that deal with multiple alternative
hypotheses are referred to as multiple comparison
methods. Investigations on such methods are rare in geo-
detic applications, which, in a way, opens the way for
research and applications. More details can be seen, for
example, in Miller (1981), Simes (1986), Wright (1992),
Sarkar and Chang (1997), Lehmann and Romano
(2005) and Rom (2013).
One of the simplest methods employed to control the

FWER is known as Šidák correction (Šidák 1967). The
Šidák correction is derived by assuming that the individ-
ual tests are independent, as follows:

a0 = 1− (1− a′)
1
n (2)

The goal of the Šidák correction in (2) is to adjust a0 so
that the significance level for the entire series of tests a′ is
warranted. Šidák correction produces a family-wise error
rate of exactly a′ when the tests are independent from
each other and all null hypotheses are true. In that case,
the critical values for w-test statistic can be computed
as follows:

ksid = F−1
N 1− a′

2

( )1
n

[ ]
(3)

where F−1
N is the inverse of the standard normal

cumulative distribution. The number two in the denomi-
nator is because the w-test is two-sided test. The critical
values computed from Šidák correction for a′ = 0.01,
a′ = 0.05 and a′ = 0.1 are displayed in Fig. 2. These criti-
cal values can be easily obtained in any software that has
the implemented normal table in its routine. For example,
the inverse of the standard normal cumulative distri-
bution can be obtained directly by the ‘norminv’ function
from Matlab.
In practice, however, the mathematical model pro-

motes correlation between w-test statistics. This means
that we will always have some degree of correlation
between the tests. If we neglect the correlation between
the tests, we overestimate the critical values computed
from Šidák correction in (3) (Lehmann 2013).
In this contribution, we apply a procedure based on

Monte Carlo simulation in order to obtain the critical
values that considers the correlation between the w-test
statistics. The drawback is that every time data snooping
is run, Monte Carlo method is used to compute the criti-
cal values (Rofatto 2020b). To overcome this issue, here,
on the other hand, we first compute a series of critical
values for a fixed number of observations with pre-fixed
correlation between the w-test statistics by using Monte
Carlo. Then, a Supervised Back Propagation Neural Net-
work (SBPNN) architecture was trained and tested using
such critical values databases. The purpose of the
SBPNN model is to suppress the use of Monte Carlo
method when the data snooping is in play. Furthermore,
we provide a MATLAB’s flexible network object type
(called SBPNN.mat) which allows anyone to obtain the
critical values quickly and easily, in addition to ensuring
good control of the type I error rate when applying Data
Snooping.
The paper is organised as follows. First, we provide a

background of the Monte Carlo approach for user-con-
trolling the FWER and we apply it to compute a series
of critical values for some applicable FWER by consider-
ing a fixed number of observations with pre-fixed corre-
lation between the outlier test statistics. Second, we
present the methodology for the development of the
SBPNN model for the computation of critical values.
Next, the design of the experiments is presented and
some criteria are given to compute the overall correlation
between the outlier test statistics when a multivariate

1 Family-wise error rate (a′) for a0 = 0.01, a0 = 0.05 and
a0 = 0.1

2 Critical values computed from Šidák correction for
a′ = 0.01, a′ = 0.05 and a′ = 0.1
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problem is in play (here, specifically geodetic networks).
Then, the SBPNN-based critical values are evaluated
with respect to the Monte Carlo-based critical values in
two different situations: (i) difference in terms of critical
values and false positive rates; (ii) difference in terms of
success rate of the data snooping for outlier identification
and elimination. Finally, the concluding remarks are
summarised at the end of this paper.

2. Monte Carlo approach for
controlling the family-wise error rate
Let us start by assuming that random errors are normally
distributed with expectation zero and the dispersion
given by covariance matrix Qe, i.e.:

H0:e � N(0, Qe) (4)

This choice is further justified by both the central limit
theorem and the maximum entropy principle. Some
alternative observation error models can be found in
Lehmann (2015) and Lichti et al. (2021).
However, the null hypothesis may not be fulfilled if the

dataset are contaminated by outliers. Since it is not
usually known which observations are outliers, a more
appropriate alternative hypothesis would be: there is at
least one outlier in the dataset (Lehmann 2012). Hence,
the model in (4) becomes:

H(i)
a :ei � N(ci∇i, Qe), ∀i = 1, . . . , n (5)

with ci [ Rn×1 being a canonical unit vector, which con-
sists exclusively of elements with values of 0 and 1, where
1 means that the ith outlier of magnitude ∇i affects the
observations, and 0 means otherwise.
These alternative hypotheses are formulated under the

condition that the outlier acts as a systematic effect by
shifting the random error distribution under H0 by its
own value (Lehmann 2013). In other words, the presence
of an outlier in a dataset can cause a shift of the expec-
tation underH0 to a nonzero value. Therefore, hypothesis
testing is often employed to check whether the possible
shifting of the random error distribution under H0 by
an anomaly is, in fact, an outlier or merely a random
effect (Rofatto 2020b).
Now, we are interested in knowing which of the

alternative hypotheses in (5) may lead to the rejection
of the null hypothesis in (4) with a certain probability.
This means testing H0 against H(1)

a , H(2)
a , H(3)

a , . . . , H(n)
a .

This is known as multiple hypothesis testing. In that
case, the maximum test statistic reveals the most likely
alternative hypothesis:

w = max
i[{1,...,n}

|wi| (6)

where wi is known as Baarda’s w-test (Baarda 1968), and
it is given as follows:

wi = cTi Q
−1
e ê�����������������

cTi Q
−1
e QêQ

−1
e ci

√ , ∀i = 1, . . . , n (7)

being ê [ Rn×1 the least squares solution for the esti-
mated observation errors (residuals)

ê = y− Ax̂ (8)

where y [ Rn×1 is the vector of observations; A [ Rn×u is

design matrix relating n observations and u parameters;
and x̂ [ Ru×1 is the least squares solution for the esti-
mated parameters vector

x̂ = (ATWA)−1(ATWy) (9)

with W [ Rn×n is the known matrix of weights, taken as
W = s0

2Q−1
e , where s2

0 is the variance factor; and
Qê [ Rn×n is the covariance matrix of the estimated
observation errors

Qê = s2
0RW

−1 (10)

with R [ Rn×n being the well-known redundancy matrix

R = I − A(ATWA)−1ATW (11)

where I [ Rn×n is the identity matrix. The elements of
the main diagonal of the redundancy matrix represent
the redundancy of each observation, known as local
redundancy (denoted by ri).
The decision rule for this case is given by

Accept H0 if w ≤ k
Otherwise,

Accept H(i)
a if w . k

(12)

where k represents the critical value.
Under the reality that the null hypothesis H0 in (4) is

true, there is the probability of rejecting it in at least
one test, which is known as family-wise error rate
(FWER), as seen in previous section. The FWER is
defined as:

FWER = a′ = P max |wi| . k | H(i)
0 :true

( )
,

∀i = 1, . . . , n
(13)

One way to control the FWER (also known as type I
decision error rate) is through Šidák correction in (2).
In that case, the critical value k can be computed from
(3). As seen, however, this method neglects the inevitable
dependencies between the test statistics wi in (7) of each
observation. This problem has already been addressed
by Lehmann (2012). In order to guarantee the user-
defined type I decision error rate (a′) for data snooping,
the critical value must be computed by Monte Carlo
simulation, which is given step-by-step below (Rofatto
2020b):
(1) Given the both functional and stochastic models of
the problem (i.e.the matrices A and Qe, respectively),
compute the correlation matrix for the w-test statistics
as

Rw =

rw1,w1
rw1,w2

· · · rw1,wn

rw2,w1
rw2,w2

· · · rw2,wn

..

. ..
. . .

. ..
.

rwn,w1
rwn,w2

· · · rwn,wn

⎛
⎜⎜⎜⎝

⎞
⎟⎟⎟⎠ (14)

with Rw [ Rn×n and rwi
,w j being the correlation coef-

ficient between the pairs of w-test statistics:

rwi
,wj = cTi Q

−1
e QêQ

−1
e c j�����������������

cTi Q
−1
e QêQ

−1
e ci

√ �������������������
c jTQ−1

e QêQ
−1
e c j

√ ,

∀i = 1, . . . , n ∀ j = 1, . . . , n

(15)

as presented by Förstner (1981). The main diagonal
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elements of Rw will always be equal to 1, and the off-
diagonal may assume values within the range [− 1, 1]
(Knight et al. 2010; Yang 2013).
(2) The probability density function (pdf) assigned to
the w-test statistics under H0-distribution is

w1, w2, w3, . . . , wn( )T� N 0, Rw( ) (16)

as can be e.g. seen in Förstner (1981), Yang (2017) and
Imparato et al. (2019).
(3) In order to have w-test statistics under H0, uni-
formly distributed random number sequences are pro-
duced by the Mersenne Twister algorithm, and then
they are transformed into a normal distribution by
using the Box–Muller transformation (Box andMuller
1958). Box–Muller has already been used in geodesy
for Monte Carlo experiments (Lemeshko and
Lemeshko 2005; Lehmann and Scheffler 2011; Leh-
mann 2012). Therefore, a sequence of m random vec-
tors from the pdf assigned to the w-test statistics is
generated according to (16). (Note: For the multi-
variate normal distribution we can use directly
Matlab’s pseudo-random number generator
‘mvnrnd’.) In that case, we have a sequence of m vec-
tors of the w-test statistics as follows:

w1,w2,w3, . . . ,wn( )T (1)
, . . . , w1,w2,w3, . . . ,wn( )T (m)

[ ]
(17)

(4) Compute the test statistic by (6) for each sequence
of w-test statistics. Thus, we have

max
i[{1,...,n}

|wi|(1), max
i[{1,...,n}

|wi|(2), . . . , max
i[{1,...,n}

|wi|(m)
( )

(18)

(5) Sort in ascending order the maximum test statistic
in Equation (18), getting a sorted vector w̃, such that

w̃(1) , w̃(2), w̃(3), . . . , , w̃(m) (19)

The sorted values w̃ in (19) provide a discrete represen-
tation of the cumulative density function (cdf) of the
maximum test statistic max-w.
(6) Determine the critical value k̂ as follows:

k̂ = w̃[(1−a′)×m] (20)

where [.] denotes rounding down to the next integer
that indicates the position of the selected elements in
the ascending order of w̃. This position corresponds
to a critical value for a stipulated overall false positive
probability a′. This can be done for a sequence of
values a′ in parallel, as can be seen in Lehmann (2012).

3. A predictive model of critical values
based on the neural networks concept
The use of neural network has been increasingly used in
geodesy, e.g. in problems of coordinate transformation
(Ziggah 2016); in the implementation of ionospheric fore-
casting model (Srivani et al. 2019); in the tropospheric
delay prediction (Selbesoglu 2020). However, here it is
the first time that it has been tested within the context
of the critical values for the quality control.
Here, we develop a critical value predictive model

based on the concept of neural networks. The proposed

model was created by considering the known inputs as
being overall significance level a′, number of observations
n and correlation between the tests |rwi

,wj|; and outputs
are the critical values k̂ computed according to theMonte
Carlo, as described below.

3.1. Generation of a set of critical values from
Monte Carlo for neural network
Here, critical values were computed according to the pro-
cedure described in Section (2) and stored for a′ = 0.001,
a′ = 0.01, a′ = 0.05, a′ = 0.1 and a′ = 0.5. The number
of the observations (n) were fixed for each a′ with n= 5 to
n= 100 by increment of 5. The correlation values were
taken as absolute values (denoted by |rwi

,wj|). It is impor-
tant to mention that the absolute value of the correlation
coefficients between each pair of the w-test statistics is
equivalent to the multiple correlation coefficient given
by Anderson (1984). Thus, for each n the same corre-
lation between all the pairs of w-test statistics were
fixed from |rwi

,wj| = 0.0 to |rwi
,wj| = 1.0, by increment

of 0.1, considering also taking into account the corre-
lation |rwi

,wj| = 0.999.
For each combination of a′, n and |rwi

,wj|, m=
5,000,000 Monte Carlo experiments were run. This num-
ber of Monte Carlo experiments provides a low relative
error (, 0.1%) (Rofatto 2020a). In total, therefore,
1200 critical values for Data-Snooping test were com-
puted and stored. For instance, Fig. 3 shows an example
of the behaviour of the critical values for the extreme
cases of having a′ = 0.001 and a′ = 0.5 in function of
the number of observations n and |rwi

,wj|. These gener-
ated data are available at https://data.mendeley.com/
datasets/77sfpx9b74/3.
In general, we can observe the following relationship (↑

means increase and ↓ decrease):

� |rwi
,w j| ⇒
 k̂ and � n ⇒� k̂ or 
 |rwi

,w j|
⇒� k̂ and 
 n ⇒
 k̂ (21)


 |rwi
,w j| and � n ⇒� k̂ or � |rwi

,w j| and

 n ⇒
 k̂ (22)

From Fig. 3, we also observe that the critical values do
not depend on of the size of samples n when
|rwi

,w j| . 0.99. This fact was also presented by Yang
(2013). We also note that for n> 30 and for a given
|rwi

,w j|, the critical values are virtually constant. These
dataset are used to build a neural network for compu-
tation the critical values for any correlation matrix Rw,
as described below.

3.2. Development of a neural network model
to predict critical values
From the critical values generated in the previous section,
we build a neural network. The input variables consist of
the overall significance level (a′ = 0.001, a′ = 0.01,
a′ = 0.05, a′ = 0.1 and a′ = 0.5), number of obser-
vations (n= 5 to n= 100 by increment of 5) and corre-
lation between the tests (|rwi

,w j| = 0.0 to |rwi
,w j| = 1.0,

by increment of 0.1, by taking also into account the cor-
relation |rwi

,w j| = 0.999); and the outputs (targets) are
the corresponding critical values computed from the
Monte Carlo (k̂).
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We randomly subdivided the dataset into 80% for net-
work training and 20% for validation purposes. The
inputs/targets values were normalised according to the
following expression:

ynorm = 2× y− ymin

ymax − ymin

( )
− 1 (23)

being ynorm the inputs/targets mapped to interval [−1,1], y
the original inputs/targets data, ymin and ymax the mini-
mum and maximum values computed for the original
inputs/targets, respectively. In this case, the normalised
function gives input/targets values between [−1,1].
The log-sigmoid transfer function (activation function)

was applied in the intermediary layers (hidden layers) in
order to compute a layer’s output from its net input. The
logistic function adopts values between 0 and 1, as fol-
lows:

f (ni) = 1
1+ e−ni

(24)

where ν is a linear combination of the inputs, weights and
bias for a given neuron ‘i’, i.e.:

ni = p1i × I1 + p2i × I2 + . . .+ pni × In + ui (25)

with p being the weights parameters of the network, I the
input data and θ the bias parameter for 1, . . . , n input
data.
The training set was used to adjust the weights p and

biases θ of the neural network to produce the desired out-
come, i.e. the critical values (k̂). During the learning
stage, it is customary and convenient to minimise the
mean squared error (MSE) between the targets (t(i))
and estimated output (O(i)) of an ANN, as follows:

x2 =
∑m
i=1

(t(i) −O(i))2 � min (26)

The parameters to be estimated are the weights (p) and
biases (θ). Note that O(i) = f (y; x), where y is the input
data and x are the unknown parameters (i.e. p and θ).
Generally, the transfer functions involved in an ANN

are non-linear, as can be seen in the (24). Consequently,
a nonlinear least squares method which iteratively mini-
mises the sum of the squares of the residuals in (26) is
required. Here, we use the Levenberg–Marquardt algor-
ithm (LM), also known as the damped least-squares

(DLS) method. The LM combines two minimisation
methods: the gradient descent method and the Gauss-
Newton method (Levenberg 1944). In the gradient des-
cent method, the sum of the squared residuals (x2) is
reduced by updating the parameters in the steepest-des-
cent direction. In the Gauss-Newton method, the x2 is
reduced by assuming the least squares function is locally
quadratic, and finding the minimum of the quadratic
form. The LM method acts more like a gradient-descent
method when the parameters are far from their optimal
value, and acts more like the Gauss-Newton method
when the parameters are close to their optimal value
(Gavin 2020).
Levenberg’s contribution provided a ‘damped version’

of the minimisation problem for (27), as follows:

JTJ + lI
[ ]

hlm = JT y− f (x̂)
[ ]

(27)

where J being the Jacobian matrix which contains first
derivatives of the network residuals with respect to the
weights and biases; I is the identity matrix, giving as
the increment hlm to the estimated parameter vector x̂.
The non-negative damping factor (λ) in (27) is adjusted

at each iteration. If reduction of x2 is rapid, a smaller
value can be used, bringing the algorithm closer to the
Gauss–Newton algorithm, whereas if an iteration gives
insufficient reduction in the residual, λ can be increased,
giving a step closer to the gradient-descent direction.
Note that the gradient of x2 with respect to x̂ is
g = −2[JT (y− f (x̂)]T . This means that for large values
of damping factor λ, the step will be taken approximately
in the direction opposite to the gradient. In other words,
if any iteration occurs to result in aworse approximation,
i.e. x2(x+ hlm) . x2(x), then λ is increased. On the other
hand, as the solution improves, λ is decreased and the sol-
ution tends to go to the local minimum and, therefore,
LM approaches to the Gauss-Newton method (Madsen
et al. 2004; Marquardt 1963; Gavin 2020).
The performance of the model was evaluated on the

validation set at the end of each iteration (epoch). The
aim of the validation set was to improve the generalisation
of the LM. When the network starts to over-fit the data,
the performance on the validation set typically begins to
decrease. When the validation error increases for a speci-
fied number of epochs the training is stopped, and the
weights and biases at the minimum of the validation
error are returned. This method for avoiding over-fitting

3 Critical values for Data-Snooping computed by Monte Carlo method for a′ = 0.001 (a) and a′ = 0.5 (b)
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is called early stopping. The performance function is given
by the mean squared error (mse), as follows:

mse =
∑m
i=1

(t(i) −O(i))2

m
(28)

Training was configured to stop when any of these con-
ditions were met:
. The maximum number of epochs (repetitions/iter-
ation) of 1,000 is reached.

. The performance gradient falls below 10−7.

. l . lmax = 1010.

. The network performance on the validation samples
fails to improve or remains the same for 6 epochs.
We used the command-line functionality of the

Matlab’s Neural Network toolbox (R2019b) for training
and validation the ANN. Although we have configured a
maximum of 1,000 epochs in the training stage, 527
epochs were sufficient in the validation stage, with
mse = 3.3× 10−4 (Figs. 4 and 5). The constructed
ANN required two hidden layers, with each layer com-
posed by four neurons (Fig. 6).

4. Experiments and results
The experiments were performed by considering two
scenarios: first, we evaluate the critical values based on
the Supervised Back-Propagation Neural Network
model (Section 3); next, we apply the method from
Rofatto (2020b) in order to analyse the success rate of
outlier identification based on the critical values com-
puted from the that proposed method. In latter case,
therefore, we assume that the alternative hypotheses
given in (5) is true.
We considered ten geodetic networks for the exper-

iments Fig. 7), namely: five levelling networks (A, B, C,
D and E), two horizontal networks (F and G) and three
GNSS (Global Navigation Satellite System) baseline net-
works by static relative positioning method (H, I and J).
Table 1 summarises the characterisation of each geodetic
network, listing the mean, maximum (max), minimum
(min), and standard-deviation (sd) of the absolute corre-
lations between all pairs of w-test statistics, largest eigen-
value of the correlation matrix in (14), number of

observations (n), number of unknown parameters (u),
and the mean redundancy (r̂) in this order, respectively.
The computation of the mean, max, min and sd only con-
sidered the absolute values of the off-diagonal elements
related to Rw in (14), i.e. |rwi

,w j|, ∀(i = j).
One of the SBPNN input data is the correlation coeffi-

cient between two w-test statistics, as can be seen in
Fig. 6. However, the geodetic networks can be interpreted
as a multivariate adjustment problem. Hence, we have
not only one single correlation between two w-test stat-
istics, but multiple correlations, being represented by
the correlation matrix Rw in (14). In that case, we need
to define a criterion to define which would be the most
representative correlation of w-test statistics of the geode-
tic network for entry into SBPNN. The SBPNN-based
critical values were obtained according to the following
expressions:

kSBPNN (mean) = kSBPNN (mean|rwi ,w j
|) (29)

kSBPNN (max /mean) =
kSBPNN (max |rwi ,w j |)+kSBPNN (mean|rwi ,w j

|)

2
(30)

kSBPNN (max /min) =
kSBPNN (max |rwi ,w j |)+kSBPNN (min |rwi ,w j

|)

2
(31)

kSBPNN (maxeig) = kSBPNN (pc) (32)

pc =
��������������
maxeig (Rw)

n

√
(33)4 Performance of gradient (g) and damping factor (l) as

well as the number of validation fails

5 Best Validation Performance

6 Topology of the feed-forward neural network with Leven-
berg-Marquardt back-propagation algorithm for predic-
tion of critical values
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where kSBPNN (.) is the overall neural-network-based criti-
cal value. The subscript within the parenthesis corre-
sponds to each criterion, as follows:

. (max /mean) corresponds to the mean of the critical
values computed by the SBPNN-based critical value
for the maximum (max |rwi

,w j|) and mean
(mean|rwi

,w j|) absolute values of the correlation
between the w-test statistics;

. (max /min) the mean from the maximum
(max |rwi

,w j|) and minimum (min |rwi
,w j|);

. (mean) corresponds to the the SBPNN-based critical
value for the mean (mean|rwi

,w j|); and
. (maxeig ) the SBPNN-based critical value obtained
from the square root of the ration between the largest
eigenvalue of the correlation matrix Rw (signs of cor-
relations are considered) in (14) and number of obser-
vations n. The largest eigenvalue represents the
maximum amount of information of the Rw and it
can be easily obtained using Matlab’s ‘eigs’ com-
mand. In the context of principal component analysis
(PCA), the maximum eigenvalue represents the lar-
gest possible variance.

Obviously, the expressions above are computed for a
given significance level (a′) and number of observations

(n), as can be seen in Fig. 6. In the next section, we evalu-
ate each of these criteria. The goal is to investigate the
extent to which the critical values computed by the
Supervised Back-Propagation Neural Network (kSBPNN)
deviate from the critical values computed by Monte
Carlo method.

4.1. Evaluation of critical values based on the
supervised back-propagation neural network
The evaluation consisted of comparing the SBPNN-
based critical values obtained for each of the criteria
(mean), (max /mean), (max /min) and (maxeig ) with
respect to the Monte Carlo method. Monte Carlo-
based critical values were computed from m= 5,000,000
sequence of random vectors, as described in Section 2.
This number of simulations provides a numerical pre-
cision better than 0.1%, as demonstrated by Rofatto
(2020a). Since Šidák approximation does not take into
account the correlation of the w-test statistics, it can be
used as a bound of the error of the critical values. Thus,
the critical values computed from the Šidák approxi-
mation (ksid) in (3) were also considered here.
At first, the type I error rates considered ranged from

a′ = 0.001 to a′ = 0.5, with increment of 0.001, which

7 Geodetic Networks: observations are displayed in solid black line; repeated observations in dash line; the black triangles
represent the control points, whereas the circles filled in red colour are points of unknown coordinates

Table 1 Geodetic networks characterisation

∗Network mean|rwi
,w j | max |rwi

,w j | min |rwi
,w j | 11sd|rwi

,w j | 12 maxeig (Rw ) 13n 14u 15 r̂

1A 0.2364 0.4146 0.0223 0.1415 1.9268 10 4 0.6000
2B 0.7053 1.0000 0.3643 0.2637 4.5937 6 3 0.5000
3C 0.2064 1.0000 0.0003 0.2763 3.4570 16 10 0.3750
4D 0.1682 0.7346 0.0006 0.1664 2.5886 20 10 0.5000
5E 0.1907 0.5460 0.0039 0.1489 1.9670 14 6 0.5714
6F 0.1150 0.3732 0.0000 0.0867 1.6034 19 6 0.6842
7G 0.3560 1.0000 0.0000 0.4491 3.9998 7 4 0.4286
8H 0.1271 0.6394 0.0001 0.1271 3.1219 39 15 0.6154
9I 0.0735 0.8818 0.0000 0.1428 4.2940 57 21 0.6316
10J 0.1612 0.7257 0.0008 0.1576 3.1590 24 9 0.6250
1Rofatto et al. (2018),2Knight et al. (2010),3Gemael (1994),4Suraci and de Oliveira (2010)5,6Ghilani (2017),7,9unpublished data,8Rofatto
et al. (2017),10Bonimani (2021).11sd: standard-deviation.12 maxeig (Rw ): maximum eigenvalue of the correlation matrix Rw in (14).13n:
number of observations.14u: number of unknown parameters.15 r̂ : average redundancy = n−u

u .∗The both matrices A and Qe of each net-
work are available at https://data.mendeley.com/datasets/77sfpx9b74/3.
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totalled 500 critical values for each method and for each
geodetic network. Then, the relative errors (denoted by ɛ)
were computed with respect to the Monte Carlo-based
critical values. The mean of the relative error for each
geodetic network (shown as blue bars) with the maximum
and minimum values (shown as black lines) are displayed
in Fig. 8.
In general, it is noted that the criterion based on the

maximum eigenvalue (maxeig) given by expression (33)
is the one that best closest to the Monte Carlo. This
means that the criterion (maxeig ) is best suited to
describe the overall correlation of geodetic networks,
and therefore serves as an input criterion for correlation
between test statistics in the neural network. This cri-
terion has a strong relationship with the associations
given in (21) and (22). By extracting the maximum eigen-
value from the correlation matrix Rw in (14), we are cap-
turing the most important and representative
information of it. However, the critical value also
depends on the number of observations. As previously
shown, the critical value increases as the number of
observations increases, but it decreases as the correlation
increases. Therefore, the maximum eigenvalue is pena-
lised by dividing the number of observations. Eigenvalues
are given in quadratic values. For this reason, the cri-
terion in (33) is computed by the square root of the
ratio between the maximum eigenvalue and number of
observations.
The results displayed in Fig. 8 are based on some criti-

cal values computed from type I error rates used in
SBPNN training. To ensure a completely unbiased analy-
sis, we also highlight the relative error of critical values
from the type I error rate that were not part of the
SBPNN development. In that case, we have considered
the type I decision error rates of a′ = 0.005, a′ = 0.025,
a′ = 0.075, a′ = 0.15 and a′ = 0.35 (Fig. 9).
Figure 9 shows that the higher the significance level

(a′), the larger the error when applying the Šidák correc-
tion ksid . This is due to the fact that the correlation
between the w-test statistics is neglected by the Šidák cor-
rection and, therefore, it serves as an upper bound for
analysing the error of the SBPNN method.
In the case of the Network (A) and for significance

levels lower than 10% (a′ , 0.1), kSBPNN for all criteria
and Šidák correction (ksid) provided critical values prac-
tically equal to those obtained by the Monte Carlo
method, with error less than 3% (Fig. 9). However, the
increase in the significance level (a′) has enlarged the
error in the case of Šidák correction, while the error
for all criteria in the SPBNN method remained less
than 3%. Similar results can be found for networks (E)
and (F).
For the case of Network (B), the errors related to the

SBPNN-based critical values for all criteria were less
than Šidák correction (ksid). In that case, SBPNN for
kSBPNN (max /mean), kSBPNN (max /min) and kSBPNN (maxeig ) had
errors less than 6.5%, while ksid reached 39%
(a′ = 0.35). Among the criteria considered, the one
based on the mean value kSBPNN (mean) presented the high-
est error (22% for a′ = 0.35). Similar results can be found
for network (G).
For the case of Network (C), SBPNN for

kSBPNN (max /mean) and kSBPNN (max /min) and for a′ , 0.15
had larger errors than Šidák correction (ksid), with maxi-
mum error of the order of 16% (a′ = 0.35) and 14%

(a′ = 0.35), respectively. On the other hand,
kSBPNN (maxeig) had error less than 7.5%. A similar relation-
ship can be found for network (I), but both
kSBPNN (max /mean) and kSBPNN (max /min) with errors larger
than the ksid for all significance levels a′. In latter case,
kSBPNN (maxeig) had error less than 1.5%. Actually, there is
the same behaviour for networks (D), (H) and (J), but
the magnitude of the errors for both kSBPNN (max /mean)
and kSBPNN (max /min) are much smaller, with the maximum
of the order of 5%.
In general, therefore, the criterion ‘maxeig’ based on the

expression in (33) provides a better balance between the
correlation and the number of observations for the com-
putation of the critical values.
In order to have the true false positive rates from the

SBPNN-based critical values for maxeig, we also run a
200,000 Monte Carlo simulation in the absence of outlier
and computed the number of times that an observation
was identified as an outlier, when in fact there is none.
This procedure has been applied within the context of
reliability analysis (Klein 2021; Suraci 2021).
This same procedure was also applied to the critical

value coming fromMonte Carlo (kMC) and Šidák correc-
tion (ksid). In that case, we restrict ourselves to Network
(A) and (B) without loss of generality. The Network (A)
characterised by presenting low correlation betweenw-
test statistics and good redundancy, whereas the Network
(B) has low redundancy and high correlation (Fig. 10).
The critical values found are displayed in Table 2, with

the true false positive rates in parentheses. It is important
to highlight that 200,000Monte Carlo simulation provide
numerical accuracy better than 0.1% Rofatto (2020a).
From Table 2, we observe that the critical values based
on SBPNN by the maxeig criterion are always smaller
than the ksid.
The true false positive rates should be those provided

by the user, i.e. in this case, a′ = 0.005(0.5%),
a′ = 0.025(2.5%), a′ = 0.075(7.5%), a′ = 0.15(15%) and
a′ = 0.35(35%). However, we note that the higher the
FWER (a′), the larger the deviation of the true false posi-
tive when Šidák correction (ksid) is applied (Table 2).
Since Šidák correction does not take into account the
dependence of the w-test statistics, the results suggest
that it should only be used for systems with good local
redundancy (on average, ri . 0.5), low correlation
between w-test statistics (on average, |rwi

,w j| ≤ 0.5) and
for low rates of individual false positives
a0 , 0.01(1%), as can be also seen in Lehmann (2012),
Imparato et al. (2019) and Rofatto (2020c). On the
other hand, we observe that SBPNN is able to capture
the correlation of the w-test statistics, and therefore it
can be considered as a good approximation for the con-
trol of the false positive rates (a′), with the advantage
of being computationally faster than the Monte Carlo
method.
The computational cost related to the Monte Carlo

method is mainly due to the generation of the sequence
of the random vectors in (17) and the sorting of the
values in (19). Note that Rw must be computed only
once and also remember that the Monte Carlo-based
critical value in (20) can be evaluated for a sequence of
values a′ in parallel. In our analyses, Intel Core i5-
10300H @2.5GHz and Matlab (R2019b) were used for
the experiments. The average time elapsed of the Monte
Carlo methodwas in the order of 6 seconds for the largest
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8 Relative error (ɛ) of the critical values (mean shown as blue bars and the both maximum and minimum values shown as
black lines) for Šidák correction (sid) and SBPNN model based on each criterion of the correlation of w-test statistics
(mean, max /mean, max /min and maxeig) with respect to the Monte Carlo method
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9 Relative error (ɛ) of the critical values for Šidák correction (sid) and SBPNNmodel based on each criterion of the correlation
of w-test statistics (mean, max /mean, max /min and maxeig) with respect to the Monte Carlo method for a′ = 0.005,
a′ = 0.025, a′ = 0.075, a′ = 0.15 and a′ = 0.35
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network (n= 57 observations) and m = 5, 000, 000
Monte Carlo experiments. For this case, but for m=
200,000, this computation takes less than a second. How-
ever, if we desired to effectively control the type I error of
the Data Snooping procedure, the critical value should be
updated every time an observation had been identified
and removed from the dataset. Consequently, the corre-
lation matrix Rw would be constantly updated, which
would increase the computational cost of the Monte
Carlo method. On the other hand, the neural network
model provided here works as a closed-form expression
and therefore their response is practically instantaneous,
just as in the case of Šidák correction.

4.2. Evaluation of the success rate of data
snooping based on the supervised back-
propagation neural network-based critical
values
Here, we also evaluate the success rate of the outlier
identification based on the critical values computed
from kSBPNN (maxeig ). We used the procedure provided by
Rofatto (2020b) to compute the probability of correct
identification (denoted by PCI ) when there is an error
in the dataset. The probabilities of correct identification
from the critical values of Šidák correction and
SBPNN method were compared to those probabilities
(PCI ) based on the reference critical values from Monte
Carlo for each error magnitude and false positive rates

a′ (Table 2). We arbitrarily defined the error magnitude
from |3s| to |8s| for NetworkA and |1s| to |12s| for Net-
work B, being σ the standard-deviation of each obser-
vation. The differences with respect to Monte Carlo
(DPCI ) are displayed in Figs. 11 and 12 for Network A
and Network B, respectively.
From Figs. 11 and 12, we observe that there are no sig-

nificant differences between SBPNN and Monte Carlo
methods. On the other hand, the higher the significance
level, the larger the difference between Šidák correction
and Monte Carlo. This difference also increases with
the size of the error magnitude and it is also more expres-
sive in the case of the Network B.
For systems with a high correlation between w-test

statistics, as in the case of the Network B, the critical
values based on SBPNN and Monte Carlo are smaller
than Šidák correction (Table 2). Consequently, the
type III error rate and overidentifications for Šidák cor-
rection are smaller than both Monte Carlo and SBPNN
[details about the type III error rate and overidentifica-
tion classes can be seen in Rofatto (2020b)], and there-
fore Šidák correction provides slightly smaller MIBs
(Minimal Identifiable Bias) than Monte Carlo and
SBPNN (Tables 3 and 4), although, as already dis-
cussed, it does not effectively control the rate of individ-
ual type I decision error.
It is also noted that all MIBs for a′ = 0.35 were lower

than 80% for the case of Network A, as can be seen the
success rate highlighted in parentheses in Table 3.

10 Levelling geodetic networks: (a) Levelling network fromRofatto et al. (2018) with a low correlation betweenw-test statistics
(Network A); (b) Levelling network from Knight et al. (2010) with a high correlation between w-test statistics (Network B)

Table 2 Critical values for levelling Network A and B

Network A Network B

a′ ksid kMC kSBPNN (maxeig ) a′ ksid kMC kSBPNN (maxeig )

0.005 3.48(0.5%) 3.47(0.5%) 3.48(0.5%) 0.005 3.34(0.2%) 3.09(0.5%) 3.2(0.3%)
0.025 3.02(2.3%) 3.00(2.4%) 2.98(2.7%) 0.025 2.87(1.1%) 2.56(2.5%) 2.63(2.1%)
0.075 2.67(6.6%) 2.63(7.4%) 2.56(9.1%) 0.075 2.50(2.9%) 2.13(7.4%) 2.14(7.2%)
0.15 2.43(12.5%) 2.36(15%) 2.33(15.8%) 0.15 2.24(5.7%) 1.81(15%) 1.87(13.1%)
0.35 2.11(25.8%) 1.95(35%) 1.94(35.4%) 0.35 1.89(12.5%) 1.34(35.1%) 1.42(30.4%)

V. F. Rofatto et al. An artificial neural network-based critical values for multiple hypothesis testing: data-snooping case

450 Survey Review 2022 VOL 54 NO 386



However, in the case of Network B, for that same
a′ = 0.35, only MIBs based on the Šidák correction
reached a success rate of 80% (success rate also high-
lighted in parentheses in Table 4).
In general, the critical values based on the SBPNN

method were those that came closest to the Monte
Carlo method in terms of outlier identification by the
data snooping procedure (Figs. 11 and 12), with a maxi-
mum difference of 1.9% for the Network A and 4.8% for
the Network B. By considering the sensitive indicator
for outlier identification – MIB (Minimal Identifiable
Bias) - for a success rate larger than 80%, SBPNN also
provides a good approximation to the Monte Carlo
(Tables 3 and 4).

5. Final remarks
Here, we have introduced a novel developed method for
user-controlling the significance level (also called
family-wise error rate or/ type I decision error rate) of
the data snooping procedure through the Supervised
Back Propagation Neural Network model (SBPNN).
A Monte Carlo method was used to compute critical
values for a fixed number of observations with pre-
fixed correlation between the test statistics. Then,
those critical values were used to train the SBPNN
model. Following this, SPBNN-based critical values
were tested into a geodetic networks adjustment

problem. Geodetic network adjustment is a type of
multivariate problem, in which there are multiple corre-
lations between the outlier test statistics. On the other
hand, SBPNN model is based only one single corre-
lation between one pair of the outlier test statistics. To
overcome that issue, we propose and test some criteria
to extract only one single correlation. We find that cri-
terion based on the ratio between the maximum eigen-
value of the correlation matrix and the number of
observations is the most suitable to describe the overall
correlation of geodetic networks, and therefore serves as
the input for correlation between test statistics in the
SPBNN model. To find the other approach in some
practical sense, more experiences must be gained,
including recent artificial intelligence methods.
In order to guarantee an unbiased evaluation, false

positive rates other than the SPBNN training sample
were also selected. Considering the critical values
obtained by Monte Carlo as references, SBPNN method
presented a mean relative error of 2% (+2%) and a maxi-
mum of 7%, whereas the Šidák correction about 9%
(+9%) and maximum of 54%. Therefore, we observe
that SBPNN is able to capture the dependence of the
test statistics, and therefore it can be considered as
good approximations for the control of the false positive
rates (a′). Since Šidák correction does not take into
account the correlation between the test statistics, we
reinforce that its use for controlling the type I error rate

11 Differences of the probability of correct outlier identification and elimination (DPCI) of the data snooping based on the criti-
cal values from Šidák correction (ksid) and SBPNNmethod ( kSBPNNmaxeig ) with respect do Monte Carlo-based critical values
(kMC) and for Network A
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should only be used for systems with high redundancy
(ri . 0.5), low correlation between w-test statistics
(|rwi

,w j| ≤ 0.5) and for low rates of individual false posi-
tives a0 , 0.01(1%).

We also evaluate the success rate of the data snooping
in terms of outlier identification based on critical values
computed from SBPNN. In that case, the maximum
difference was 4.8% with respect to Monte Carlo-based

12 Differences of the probability of correct outlier identification and elimination (DPCI) of the data snooping based on the criti-
cal values from Šidák correction (ksid) and SBPNN method (kSBPNNmaxeig ) with respect do Monte Carlo-based critical values
(kMC) and for Network B
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critical value. The results prove that SBPNN model can
be used to compute the critical values and, therefore, it
is no longer necessary to run the Monte Carlo-based
critical value every time the quality control is performed
through data snooping.
Here, random errors were treated as truly normal. This

workmay be extended in the future to the case where they
are Laplacians, Cauchy, etc.
Finally, we provide a MATLAB’s flexible network

object type (called SBPNN.mat) that allows anyone to
obtain the desired critical value with good control of
type I error for the case where the random errors follow
the normal distribution. We also provide a MATLAB’s
function (called ‘kNN.m’) which uses SBPNN.mat and
the criterion maxeig to compute a desired critical value
for the case where Gauss-Markov model is in play.
Those interested in dataset of this work, SBPNN.mat
and ‘kNN.m’ please send their request to the authors
by e-mail or access https://data.mendeley.com/datasets/
77sfpx9b74/3.
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Table 3 MIB for Network A by considering a success rate ≥ 80%
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0.35 6.9 (77%) 6.3 (69%) 7.1 (69%) 0.35 5.5 (77%) 5.3 (69%) 6.3 (69%)

Table 4 MIB for Network B by considering a success rate ≥ 80%

Dh1 Dh4 Dh5 Dh6

ksid kMC kSBPNN (maxeig ) ksid kMC kSBPNN (maxeig ) ksid kMC kSBPNN (maxeig ) ksid kMC kSBPNN (maxeig )
a′

0.005 3.7 3.7 3.7 2.5 2.6 2.6 11.2 11.3 11.2 5.7 5.7 5.6
0.025 3.7 3.8 3.8 2.6 2.7 2.6 11.3 11.4 11.3 5.7 5.8 5.7
0.075 3.8 4.1 4.1 2.7 2.9 2.9 11.4 11.7 11.5 5.8 6.2 6.1
0.15 4.0 4.8 4.5 2.8 3.4 3.2 11.5 12.6 12.2 6.1 6.8 6.6
0.35 4.5 4.7 (63%) 5.1 (68%) 3.2 3.8 (66%) 3.8 (70%) 12.4 11.3(63%) 11.3(67%) 6.6 7.4 (71%) 7.8(75%)
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