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An approach to identify multiple outliers based
on sequential likelihood ratio tests

I. Klein*!, M. T. Matsuoka?, M. P. Guzatto® and F. G. Nievinski>

One of the main challenges in the quality control of geodetic measurements is the reliable
identification of multiple outliers. Within this context, the goal of this paper is to present a
procedure designated here as Sequential Likelihood Ratio Tests for Multiple Outliers (SLRTMO).
To verify its performance, a levelling network was simulated involving one, two and three
(simultaneous) outliers. Also a GNSS network involving one and two (simultaneous) outliers was
analysed. Results showed that SLRTMO is efficient for single and multiple outliers, simulated
with magnitude greater than five standard deviations, with a mean success rate of 79.6% for
these cases. Furthermore, the maximum number of outliers to be tested has to be defined
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according to the redundancy of the network so as to ensure the performance of SLRTMO.

Keywords: Multiple outliers, Sequential testing procedure, Maximum likelihood ratio, Geodetic networks

Introduction

Quality control to identify gross errors (outliers) in geodetic
measurements has been widely investigated since the pio-
neering work of Baarda (1968). In the context of least-
squares estimation (LSE), statistical testing procedures
for identification of outliers are based either on the assump-
tion of a single outlier (see e.g. Baarda, 1968; Pope, 1976;
Berber and Hekimoglu, 2003; Lehmann, 2012) or multiple
(simultaneous observation) outliers (see e.g. Ding and
Coleman, 1996; Gui et al., 2010; Knight et al., 2010; Base-
lga, 2011a; Lehmann and Losler, 2016). Statistical testing
procedures for a single outlier, such as data snooping and
7 test, are already well developed in the literature thus out-
side the scope of this paper. For the same reason, so are
robust estimation methods (Huber, 1964; Krarup et al.,
1980; Rousseeuw and Leroy, 1987; Xu 2005; Guo et al.,
2010). Statistical testing procedures for multiple outliers
in geodetic measurements include: the detection via redun-
dancy contributions of observations (Ding and Coleman,
1996); maximum likelihood ratio tests (Teunissen, 2006;
Knight et al., 2010); the Bayesian unmasking method
based on posterior probabilities of classification variables
(Gui et al., 2010); and the exhaustive search procedure
based on multiple least-squares adjustment process
(Baselga, 2011a).

Some concerns about the statistical testing procedures
for multiple outliers are, on the one hand, that different
combinations of outliers lead to the same least-squares
observation residuals (Baselga, 2011b); and, on the
other hand, the question of how to determine the number
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of outliers existing in the observations (Knight et al.,
2010). This paper focusses on the latter issue, developing
a procedure to determine the number of outlying obser-
vations and identifying their locations, designated as
‘Sequential Likelihood Ratio Tests for Multiple Outliers’
(SLRTMO).

Although the statistical testing procedures can also be
applied for the identification of systematic errors (see
e.g. Koch, 1999; Teunissen, 2006), systematic errors are
outside the scope of this paper. Here, it is assumed that
outliers are observations contaminated by gross errors
(blunders), following the statement of Lehmann (2013)
that in Geodesy, ‘outliers are most often caused by gross
errors and gross errors most often cause outliers’. It is
also important to mention that there is no method of
quality control completely efficient in the framework of
the LSE (Baselga, 2011b; Klein et al., 2015). Further-
more, the statistical tests for multiple outliers may require
a large computational effort; for example, if » =300 and
gmax =3 (n is the number of observations; ¢max i
the maximum number of simultaneous outliers), there

e <3(1)0> N (3(2)0> n (320) = 4,500, 250 possible

g-combinations of outlying observations (i.e. alternative
hypotheses). For a more complete review about these
questions, see Teunissen (2006), Knight et al. (2010),
Baselga (2011a, 2011b).

During the peer-review of the present article, Lehmann
and Losler (2016) was published making several contri-
butions about the multiple outlier problem. Initially, it
was cast as a model selection problem. Then an infor-
mation-theory approach based on the Aitken information
criterion was considered. An alternative approach based
on sorted p-values (the probability that the test statistic is
at least as extreme as observed) was also considered,
which seems not unlike Holm’s procedure for controlling
the family-wise error rate (Holm, 1979). Both approaches
were compared to the common consecutive data snooping.
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Results were different in each case but a best approach was
not elected, a conclusion which would require extensive
Monte Carlo simulations under controlled conditions.

The main differences between the SLRTMO and the
tests presented in Teunissen (2006) and Knight et al.
(2010) is that the null hypothesis is sequentially updated.
In fact, in every step of SLRTMO just one additional out-
lying observation is tested in the alternative hypothesis, as
will be seen in sections “Two-step incremental likelihood
ratio tests for multiple outliers” and ‘Multi-step sequential
likelihood ratio tests for multiple outliers’. Alternatively,
Lehmann and Losler (2016) use the testing procedure of
Knight ez al. (2010), making use of the p-value concept
to decide between the null and multiple alternative
hypotheses. The rest of the paper is organised as follows.
Section ‘Theoretical overview’ brings a theoretical back-
ground about LSE and statistical tests for multiple out-
liers. Sections ‘Two-step incremental likelihood ratio
tests for multiple outliers” and ‘Multi-step sequential like-
lihood ratio tests for multiple outliers’ present the method
proposed (SLRTMO) for determining the number and the
identification of the outlying observations. Section
‘Experiments and results’ contains the experiments
setup and results, which are then discussed in the next sec-
tion. Finally, last section offers conclusions and rec-
ommendations for future studies.

Theoretical overview

This section briefly reviews the theoretical background
about LSE and statistical tests based on the likelihood
ratio.

Least-squares estimation
The mathematical model generally adopted in geodetic

data analysis is the linear(ised) Gauss-Markov model,
given by (Koch, 1999)

v=Ax-—y (1)

in which v is the vector of n observation residuals, A is the
design or Jacobian matrix, x is the vector of # unknown
parameters and y is the vector of  observations (assuming
n > u). The LSE for the unknown parameters (X) in these
cases is given by (Koch, 1999)

%= (ATWA) 'ATWy Q)

in which W is the weight matrix of the observations, taken as
W= o032 !, where o2 is the variance factor and 3., is the
covariance matrix of the observations (see Koch, 1999; Leh-
mann, 2012); if 2 is diagonal, one speaks of weighted LSE
(WLSE); if it is full, generalised LSE (GLSE).

If there are only random errors in the observations, the
LSE is the best linear unbiased estimator (BLUE) for the
unknown parameters; if the observational errors follow
the multivariate normal distribution with mean u =[0]
and covariance matrix X, the LSE coincides with the
maximum likelihood estimator (Teunissen, 2003). How-
ever, if there are systematic and/or gross errors (blunders)
in the observations, LSE is no longer optimal, because
they are not robust estimators, that is, insensitive to out-
liers (Huber, 1964; Rousseeuw and Leroy, 1987). One
way to restore optimality is applying statistical testing
procedures for multiple outliers, as described in the next
subsection.
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Statistical testing procedures for multiple
outliers based on maximum likelihood ratio

Assuming normally distributed observation errors, the
generalised statistical test for multiple outliers is formu-
lated by the following hypotheses (Teunissen, 2006)

Hy: E{y} = Ax vs.

3
Hy: Ely} = AX+Cq’qu,k; Vi # 0, ®)

Respectively, Hy is the null hypothesis (namely, absence
of outliers in the observations) and Hy is an alternative
hypothesis (presence of g outlying observations in y at
certain known locations). The quantity C,  is the outlier
model matrix (with dimension n X ¢), defining the k-th
combination of ¢ outlying observations considered in
¥; Vg is the corresponding vector of ¢ outliers. For
example, if =9 and ¢=2, then a possible outlier

000100000T,

model is C%k:[o 000007100 and

vV .. .
Vo = [V(‘”} (one outlier in each observation y, and
()

7). For more details about outlier models, see e.g. Knight
et al. (2010) and Lehmann and Losler (2016).
After postulating a value for ¢ (more about that below),

there are ¢ = alternative hypotheses (H ), one for

each possible outlier model given by the matrix C,,
whose test statistic T, ; is (Teunissen, 2006):

Tyie = VTWC 4 (Cp W2 WC, ) ' CT Wi 4)

where ¥ and 3; are the estimated residuals vector and a pos-
teriori covariance matrix of the estimated residuals com-
puted via LSE, see Koch (1999) and Teunissen (2003); the
a priori observation covariance matrix Xy involved in the
weight matrix W remains the same in all cases.

Under the null hypothesis, the test statistic 7, follows
the central chi-squared distribution with ¢ degrees of
freedom; under the alternative hypothesis, the test statistic
T, « follows the non-central chi-squared distribution with
q degrees of freedom and non-centrality parameter Aqy
(see Fig. 1). Therefore, one particular k-th combination
of ¢ tested observations is considered flagged as suspected
outliers if T, x > x{y.«» Where x{, . is the chi-squared criti-
cal value at a given significance level a. For more details
about these relationships and related probability levels,
see Koch (1999) and Teunissen (2006). Additionally, if
more than one combination satisfies the inequality
above, the one with largest test statistic is picked. In
other words, among all possible combinations, the one
combination of observations considered as outlying
observations is that whose test statistic T, satisfies the
following two conditions (Knight et al., 2010)

{ o e )

Tyx is maximum for all C,; matrices

The difficulty with the statistical testing procedures
based on maximum likelihood ratio is they identify the
g most probable outlying observations by considering ¢
fixed, i.e. assuming the number of outliers to be known.
Therefore, these procedures do not estimate the number
of outliers present in the observations (Knight er al.,
2010). For example, all that can be obtained are the
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Pdfin H,

Ao

Ka

Pdfin H,

Tq,k

1 Pdf (probability density function) of T, , in Ho and in H, (adapted from Knight et al. 2010)

maximum T, statistics for pre-determined ¢ (e.g. ¢ = 2,
q = 4, ¢ = 4 and so on), but the true value of g itself is not
estimated. In view of these issues, the next section presents
an approach to determine the number of outlying obser-
vations and identify their locations.

It is important to mention that there are other statistical
testing procedures to identify multiple outliers in the
observations, e.g. those presented in Guo et al. (2010)
and Baselga (2011a). Also, statistical tests for a single out-
lier such as data snooping can also be iteratively applied in
the context of multiple outliers (see Baarda, 1968; Berber
and Hekimoglu, 2003; Klein ez al., 2015). The statistical
testing procedures described here lead to the uniformly
most powerful tests, being the data snooping procedure
a particular case when ¢ = 1 and the candidate outlier
matrices Cpx=¢;=[0 --- 0 1 0 ... 0] for
i=1, 2, ..., n,ie. are the i-th column of the n-by-n
identity matrix (see Baarda, 1968; Teunissen, 2006;
Lehmann, 2012).

Two-step incremental likelihood ratio
tests for multiple outliers

The approach proposed in this paper for determining the
number of outlying observations and their locations is for-
mulated based on a maximum likelihood ratio. Consider a
null hypothesis Hy for the parameters of the population
probability distribution of a vector of observations y. Con-
sider further an alternative hypothesis H, for these par-
ameters, constructed in a way that Hy is a subset of Hx.
In this general case, the maximum likelihood ratio
between Hy and H, is given by (Larson, 1974)

A(y) = 8 p(y|Ho)

~ max p(y|Ha) ©

in which max p(y|H,) is the maximum of the probability
density function (pdf) of y under H, and max p(y|Hp) is
the maximum of the pdf of y under Ha. As the null
hypothesis is defined so that its sample space is contained
in the sample space of the alternative hypothesis, the ratio
in equation (6) lies in the interval of 0 <A(y) <1 (Teunis-
sen, 2006). Furthermore, as the ratio in equation (6) tends
to have a value near 1 when the likelihood of Hj is high,

the test criterion for the maximum likelihood ratio is
given by (Larson, 1974)

Do not reject Hy if A(y) > ¢ (7)

in which ¢ > 0 is the critical value for the test according to
the significance level a stipulated (for more details, see Lar-
son, 1974; Teunissen, 2006). It is also important to mention
that the equation (4) in “Theoretical overview’ section can
be derived from equations (6) and (7) in this section, as
those statistical testing procedures are all based on maxi-
mum likelihood ratio, see Teunissen (2006).

In the present approach, the null hypothesis H, is
defined as specifying gz, outliers in the vector of obser-
vations y. In contrast, the alternative hypothesis Ha is
defined specifying g o)+ 1 outliers in y. For example,
Hy can define observations ys and yo as outliers, while
H, can define observations ys, y9 and yj4 as outliers.
Again, note that Hy, must be a subset of HA. Therefore,
in a general case, these hypotheses can be expressed as

Hy: E{y} = Ax+ Cyry V. Vs.

4,k H0)

(®)
Ha: Ely} = Ax + Cc/(Ho>+l,qu<H0)+Lk’

in which Cz0)x is an outlier model matrix (with dimen-
sion 1 X gg0)) an Vo) 18 the respective vector of gz,
outliers; C,moy+1.x and V, goyr 1 x are the corresponding
terms for Hu.

Considering the maximum of the pdf of y under H, and
Hy, the maximum likelihood ratio A between the two
hypotheses is expanded as (Teunissen, 20006):

max p(y|x, VQ(HU).k)
max p(ylX, Vg, +1k)
n 1
(ZW)_EIEYI_EeXp{—% Vi 2y Vi, }
= 1 )
(277)7|2y|7§exp{—% VI3 v, }

1 _ -
= exp{—i(vguzyl Vi, — VI,AEYI Vi) }

which vy is the vector of observation residuals under
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Hy and vys is the vector of residuals under Hj.
It is assumed that observations are normally
distributed with mean E{y} = Ax+ Cy; k Vg .k and
E{y} = Ax + Cyp 114 Vyuo +1.4> Tespectively. The scalar
|Zy| is the determinant of Xy.

The ratio in equation (9) is smaller than a positive con-
stant ¢ if and only if the exponential argument in the
right-hand side of equation (9) is greater than a positive
constant K,. Thus, the maximum likelihood ratio test of
H, against H4 finally becomes (Teunissen, 2006):

1

Reject Ho if: 7,3, ¥, — 93, 3, ¥, > Ko (10)

in which K, is the critical value for the test according to
the significance level «; it must be determined according
to the chi-squared distribution with one degree of free-
dom, because the quadratic variable in the left side of
equation (10) follows the chi-squared distribution and
the alternative hypothesis Ha contains one more outlier
(model parameter) than the null hypothesis H.

Thus, considering that the LSE coincides with the
maximum likelihood estimator when the vector of obser-
vations y is normally distributed and the weight matrix is
defined as W = 2_1, the observation residuals in
equations (9) and (10) can be obtained augmenting the
Jacobian matrix A with the outlier model matrix C,
(and, likewise, the parameters vector x with the outlier
vector V), as

A : )21—1 . f(H
Vi, =y — [A.Cq‘,m,][ Vi ] with [@HZ ]
. T . .
= [(A:Cyp k) WIAIC,, )] ' TAICy,,0 k1" Wy

N . X . X
Vu, =y — [A:qum“’k][@m ], with {@HA :|
T

Hy Ha

= [(AECCI(HU)Jrl,k) W(Ascq(Hn)Jrl,k)]_l [AECq(HO)+1,k]TWy
1n

Multi-step sequential likelihood ratio
tests for multiple outliers

Based on the relationships above, a sequential statistical
testing procedure to determine the number and identify
the location of the outlying observations is established
as follows (summarised as a flowchart in Fig. 2). In the
first step, define the maximum number of outliers to be
considered (¢max — see below for details) and the signifi-
cance level to be adopted (a). Then, assume the hypoth-
esis of equation (3) for ¢ =1 (one outlier), and compute
the corresponding test statistics 7,=1, according to
equation (4), identifying the maximum test statistic
value (max T, = z). If this value exceeds the critical value
at the significance level adopted, i.e. if max T,= > K,,
reject the null hypothesis — there are no outliers in the obser-
vations. Otherwise, the null hypothesis is not rejected and
the testing ends with no outliers detected.

In case the null hypothesis was rejected, the sequential
testing procedure resumes. It proceeds computing the test
statistics for ¢ =2 (two outlying observations) according
to equation (4), and identifying the maximum test statistic
value (max T, = z). If the observation with max T, = s is
also contained in the case of max T,=,y, i.e. if the one
observation flagged initially is among one of the pairs
flagged subsequently — the hypotheses of equation (8)

Survey Review 2017 voL 49 NO 357

An approach to identify multiple outliers based on sequential likelihood ratio tests

for goy=1 and ¢qo+1y=2 are defined accordingly.
Otherwise, if Hy is not a subset of Hya, the testing ends
and only the observation with max T, = is flagged as
outlier. Thus, if Hj is indeed a subset of H,, observation
residuals are computed for Hy, and H, using equation
(11), and the test criterion of the equation (10) is applied.
If the null hypothesis is not rejected, the testing ends and
only the one observation corresponding to max 7, =1 4 is
flagged as outlier.

In case the null hypothesis is rejected again, a new step
with ¢ =2 and ¢ + 1 = 3 is started in the exactly same way
as before. This sequential testing procedure is repeated
until any of the following conditions is met: the current
null hypothesis fails to be rejected; H, is no longer a sub-
set of the current best alternative hypothesis; or the iter-
ation reaches ¢max (i.e. until the maximum number of
outliers is fully inspected). In other words, the sequential
testing procedure consists in determining whether the
additional outlying observation, considered in every
new alternative hypothesis, is statistically significant or
not, in terms of its impact on the quadratic form of
residuals. These approach leads to the number of outliers
and the outlying observations applying a sequential test-
ing procedure based on likelihood ratio, thus designated
as SLRTMO.

The main differences between SLRTMO and the tests
presented in Teunissen (2006) and Knight ez al. (2010) is
that the null hypothesis is sequentially updated; further-
more, in every step just one additional outlying obser-
vation is in fact tested in the current alternative
hypothesis. The reliability measures of SLRTMO could
be obtained through the multiple outlier context pre-
sented in Knight ez al. (2010).

Choosing the maximum number of outliers to
be considered

The value of ¢, needs to be chosen so as to avoid rank
deficiency or tests statistics with the same computed value.
It is proposed to define ¢,.x equal to the minimal redun-
dancy number (degrees of freedom) of the problem in a
local scale, as defined below. Consider a point with
unknown 2D position (see Fig. 3). Two observations
such as horizontal distances (HD) and azimuths (Az)
lead to a unique solution for the two plane coordinates
(x,y). Three observations would lead to different solutions
and allow the detection of an inconsistency between them.
Four observations would lead to different solutions and
the identification of one outlying observation, and so
on. Thus, in a general case, the value for g, is equal
to the minimal number of redundant observations across
each and every point, minus one. In the case that each
unknown station is involved in at least five observation
equations (thus, three redundant observations), then
Gmax = 3-1=2.

This strategy follows the statement of Xu (2005) that ‘in
order to identify outliers, one also has to further assume
that for each model parameter, there must, at least, exist
two good data that contain the information on such a par-
ameter’. In more complex problems, the choice of ¢ 18
more difficult and its strategy could not be applicable, but
the value of ¢, always must be smaller than the global
degrees of freedom of the problem, that is: gmax < n — u.
To verify the performance of the SLRTMO procedure, the
next section presents experiments and results.
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‘ Define the maximum number of outliers to be considered (¢m«) and the ’

significance level to be adopted (a), which leads to the test critical value (X.)

\:

Compute the test statistics for ¢ =

identify the maximum test statistic value (max 7;=1%)

1 outlier (74=1,5) and

v

\l/Yes

No No outliers are identified

at the significance level

Compute the test statistics for ¢ = 2 outliers (74=2x) and

identify the maximum test statistic value (max 7;=2r)

Is the observation flagged
in max Tg=; « is also

flagged in max Tg=2k

Testing ends and
only the observation
with max Tg=1 is

flagged as outlier

Adopt the ¢ = 1 outlier flagged in max 7,=1,« as the null hypothesis (Ho)
and the ¢ = 2 outliers flagged in max 7,=2x as the alternative hypothesis

(H.4) and compute the corresponding residuals (vao and va4)

2

Is

vao? W veo — vaal Wyaa > Ka

Testing ends and

only the

observation with

max Ty=1k is

flagged as outlier

The testing procedure continues from step 3 for ¢ =3

outliers (max 74=3) against ¢ =2 outliers (max 7,=2x)

v

The testing procedure is repeated until the current null

hypothesis fails to be rejected (or is no longer a subset of the

current alternative hypothesis), or the iteration reaches g

2 Flowchart of the SLRTMO

Experiments and results

Levelling network

In this study, a simulated closed levelling network is analysed
(network A), with one control (fixed) point, and 13 points
with unknown heights, totalling fourteen minimally
constrained points (see Fig. 4). For each pair of points,
there are two or four height difference measurements.
Thus, there are n=17 X 2+ 2 x 4 =42 observations, # =13
unknowns, and n — u =42 — 13 = 29 redundant observations
in this simulation. All observations are assumed with a nom-
inal precision (a priori standard deviation) of =12 mm
and also uncorrelated. Each unknown point is involved in
at least six different observations; thus, the local-scale redun-
dancy equals five, and it is assumed that the maximum num-
ber of outliers to be tested is ¢ax =5 —1=4.

To analyse the testing procedure proposed here
(SLRTMO), 27 scenarios are ran for network A. Each
scenario has a unique combination of number of outliers,
significance level and magnitude of outliers. We ran 1000
experiments for each scenario, totalling 27,000 Monte
Carlo simulations.

Random errors and outliers are synthetically generated
and added to the observations. Random errors are gener-
ated using the normal distribution and outliers are gener-
ated using the uniform distribution. Positive and negative
outliers are clipped between 3¢ and S0, 5o and 70, and 7o
and 90 magnitude intervals in each experiment. Thus out-
liers are observations contaminated by gross errors.

The significance level is varied, taken as a=0.001
(0.1%), a=0.005 (0.5%) and a=0.01 (1%). The
corresponding critical values of the y* distribution are

Survey Review 2017 voL 49 NO 357 453
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3 Redundant observations to determine the unknown pos-
ition (x,y) of the point 0

K()_()Ql = 10828, K()_()()s =7.879 and K()_()] =6.635. Finally,
the number of outliers is varied: 9000 experiments with
one outlier, 9000 with two outliers and 9000 with three
outliers.

Table 1 shows the success rate (fraction of outliers cor-
rectly identified, averaged over all experiments of a given
scenario) and the misidentification rates for one outlier.
Tables 2 and 3 show the analogous rates for two and
three outliers, respectively. The misidentifications rates
are divided in three classes: fewer (fewer outlier(s) than
simulated or none), more (more outliers than simulated)
and wrong (correct number of outlier but wrong
identification).

GNSS network

A GNSS network is also analysed (network B), with one
control station (fixed) and five user stations with
unknown 3D positions (X,Y,Z), totalling six minimally
constrained stations (see Fig. 5). For each pair of stations,
there are four or five baseline vectors (AX, AY, AZ com-
ponents). Thus, there are n=13 X3 =39 observations
(baseline vector components), ¥ =5 X3 =15 unknowns
and n—-u=39-15=24 redundant observations. The

w

An approach to identify multiple outliers based on sequential likelihood ratio tests

stations are taken from the Brazilian Network for Con-
tinuous Monitoring of GNSS. Baseline vectors, free of
outliers, consist in differences between the stations official
coordinates in the SIRGAS2000 reference frame. The
observation covariance matrix is obtained through data
processing of 6-hour sessions for each baseline vector,
resulting in a 3 X 3 full matrix, combined in a 13 X (3 X
3) =39 x 39 block diagonal matrix. More details about
network B can be found in Klein (2014).

Random errors and outliers are synthetically generated
and added to the observations. In total, 18,000 exper-
iments are performed using Monte Carlo simulations.
There are 1000 repetitions of each of 18 unique scenar-
ious, obtained varying the significance level a, the magni-
tude interval of outliers, and the number of outliers: 9000
experiments with one outlier and 9000 with two outliers.

Each unknown station is involved in at least four base-
line vectors; thus, the local-scale redundancy equals three.
Therefore, the maximum number of outliers to be tested is
dmax = 3 — 1 = 2. However, the true number of outliers is
also 2 (at most), so the maximum number of outliers to
be tested is set to gmax = 3, to avoid overoptimistic results.

Table 4 shows the success rate (fraction of outliers cor-
rectly identified, averaged over all experiments) and the
misidentification rates for one outlier. Table 5 shows ana-
logous rates for two outliers. The classes of misidentifica-
tions rates are the same as for network A.

Discussion

Tables 1-5 show that, in general, the greater the number
of outliers, the lower is the efficiency of SLRTMO for
both networks. Furthermore, in general, the greater the
magnitude of outliers, the greater is the efficiency of
SLRTMO, also for both networks. These results are not
unexpected, as larger and less numerous outliers are gen-
erally easier to detect. However, results show no direct
relationship between success rate and significance level
(a) for both networks analysed. It appears that higher
values for o are not recommended for outliers of greater
magnitude and that lower values for o are not rec-
ommended for outliers of smaller magnitude, but results
are not consistent for both networks. In practice, neither
the number nor the magnitude of outliers are known.
Therefore, these results show the importance of a correct
choice of a, as pointed out by Lehmann (2012); it also
highlights the challenges in controlling the error rate in
multiple hypotheses tests.

Regarding the three classes of misidentification rates, in
general, an increase in the magnitude interval of outliers,
leads to an increase in the over-identification rate (more
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outliers being identified than simulated) and a decrease in
the under-identification rate (fewer outliers being identified
than simulated). This fact is due to the error propagation
among all residuals. The rate of cases with correct number
of outliers but with wrong identification also decreases
when increasing the magnitude interval of outliers.
Considering all results, the mean success rate is 62.1%
for network A and 77.2% for network B. In general, the

SLRTMO is efficient for outliers greater than 5o, with a
mean success rate of 76.7% for network A and 82.5%
for network B. For outliers smaller than 5o, the mean suc-
cess rate is 32.9% for network A and 66.4% for network
B. Therefore, with an appropriate choice of ¢y, results
show that SLRTMO can locate multiple outliers greater
than 5¢ with high success rate. However, the choice of sig-
nificance level «, that also affects the efficiency of
SLRTMO, requires further investigation.

Conclusions

Many methods of quality control for geodetic data analy-
sis have been developed and investigated since the pio-
neering work of Baarda (1968). However, these methods
still deserve further investigation, especially in the case
of multiple outliers. Thus, the goal of this paper was to
propose a sequential testing procedure to locate multiple
outliers based on maximum likelihood ratio, designated
here as SLRTMO.

SLRTMO shows high success rates in the experiments
of a simulated levelling network and a GNSS network
for single and multiple outliers randomly generated
between five and nine standard deviations. However, the
efficiency of SLRTMO significantly decreases for outliers

Table 1 Success rate and misidentification rates for one outlier in network A

Magnitude interval of outliers

o
36-56¢ 56-76¢ 76-9¢
Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/
% % % % % % % % % % %
0.001 44.2 49.5 2.6 3.7 89.3 41 1 96.2 0.1 3.7 0
0.005 53.0 25.6 12.9 8.5 79.5 17.3 1 82.9 0 17.1 0
0.01 50.8 15.2 23.5 10.5 66.1 324 0.8 66.5 0 335 0

Table 2 Success rate and misidentification rates (in %) for two outliers in network A

Magnitude interval of outliers

o
36-56 56-7¢ 76-9¢
Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/
% % % % % % % % % % %
0.001 26.1 69.2 09 38 83.1 1.7 29 2.3 935 0.6 45 14
0.005 32.7 6.3 50.7 10.3 76.4 4.6 16.7 2.3 83.4 0.4 15.4 0.8
0.01 359 30.6 20.2 13.3 66.7 27.4 2.9 68.1 0.6 30 1

Table 3 Success rate and misidentification rates for three outliers in network A

Magnitude interval of outliers

o
36-5¢ 56-7¢ 76-9¢
Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/
% % % % % % % % % % %
0.001 1.2 85.6 0.3 2.9 68.5 24.9 25 4.1 86.2 5 6.2 2.6
0.005 18.6 4.3 65.8 11.3 70.7 13 5.8 78.5 4.2 14.5 2.7
0.01 23.5 48.5 12.3 15.7 59.9 7.4 28.1 4.6 65.5 3.4 28.4 2.7
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Table 4 Success rate and misidentification rates for one outlier in network B

Magnitude interval of outlier

o
36-56 56-76¢ 76-9¢
Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/
% % % % % % % % % % % %
0.001 80.5 14.4 25 2.6 96.7 0.1 2.7 0.5 96 0 4 0
0.005 76.1 6.6 134 3.9 83.5 0 16.4 0.1 85.5 0 14.5 0
0.01 66.2 3.8 259 4.1 74 0 25.9 0.1 72.2 0 27.8 0
Table 5 Success rate and misidentification rates for two outliers in network B
Magnitude interval of outliers
o
36-56 56-7¢ 76-9¢
Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/ Success/ Fewer/ More/ Wrong/
% % % % % % % % % % % %
0.001 57.6 35.3 1.5 5.6 91.3 4.2 2.7 1.8 92.2 3.1 3.8 0.9
0.005 62 20.3 9.8 7.9 78.5 4.4 16 1.1 80.3 4.2 14.6 0.9
0.01 56.3 13.8 22.2 7.7 70.8 3.2 24.9 1.1 69.4 5 24.8 0.8

smaller than five standard deviations. The optimal value
for the significance level changes for each network.

The maximum number of outliers to be considered
must be equal to the minimal number of redundant obser-
vations in each point across the network minus one so as
to avoid rank deficiency or test statistics with the same
computed value and to maintain good computational
performance.

Future studies should consider various issues: the per-
formance of the SLRTMO in cases of over-constrained
systems and linearised (originally non-linear) models;
the most adequate criteria for the selection of the signifi-
cance level a, which greatly affects the efficiency of
SLRTMO; the development of reliability measures; and
the method performance in different networks with var-
ious geometry and varying redundancy.

It is also important to mention that the several discus-
sions about multiple alternative hypotheses testing pre-
sented in Lehmann and Losler (2016) are based on the
assumption of a unique null hypothesis, defined as having
no outliers in the observations. Future studies must con-
sider the approach in which the null hypothesis is sequen-
tially updated, as in SLTMO presented here.

Acknowledgements

The second author thanks CNPq for financial support pro-
vided (303306/2012-2, 477914/2012-8, 305599/2015-1).

ORCiD

F. G. Nievinski © http://orcid.org/0000-0002-3325-1987

References

Baarda, W., 1968. A testing procedure for use in geodetic networks
( Netherlands geodetic commission, publications on geodesy, New series)
[online]. Delft, vol. 2, 1-60. Available from: http://www.ncgeo.nl/
phocadownload/09Baarda.pdf

Survey Review 2017 voL 49 NO 357

Baselga, S., 2011a. Exhaustive search procedure for multiple outlier
detection. Acta Geodaetica et Geophysica Hungarica, 46 (4), 401—
416.

Baselga, S., 2011b. Nonexistence of rigorous tests for multiple outlier
detection in least-squares adjustment. Journal of surveying engineer-
ing, 137 (3), 109-112.

Berber, M. and Hekimoglu, S., 2003. What is the reliability of conven-
tional outlier detection and robust estimation in trilateration net-
works? Survey review, 37 (290), 308-318.

Ding, X. and Coleman, R., 1996. Multiple outlier detection by evaluating
redundancy contributions of observations. Journal of geodesy, 70
(8), 489-498.

Gui, Q., et al., 2010. A Bayesian unmasking method for locating multiple
gross errors based on posterior probabilities of classification vari-
ables. Journal of geodesy, 85 (4), 651-659.

Guo, J., Ou, J., and Wang, H., 2010. Robust estimation for correlated
observations: two local sensitivity-based downweighting strategies.
Journal of geodesy, 84 (4), 243-250.

Holm, S., 1979. A simple sequentially rejective multiple test procedure.
Scandinavian journal of statistics, 6 (2), 65-70.

Huber, PJ., 1964. Robust estimation of a location parameter. The annals
of mathematical statistics, 35, 73-101.

Klein, 1., 2014. Proposal of a new method for geodetic networks design (in
Portuguese). Doctoral thesis. Universidade Federal do Rio Grande
do Sul, Brazil.

Klein, L., et al., 2015. On evaluation of different methods for quality
control of correlated observations. Survey review, 47 (340), 28-35.

Knight, N.L., Wang, J., and Rizos, C., 2010. Generalised measures of
reliability for multiple outliers. Journal of geodesy, 84 (10), 625-635.

Koch, K.R., 1999. Parameter estimation and hypothesis testing in linear
models. 2nd ed. Berlin: Springer.

Krarup, T., Juhl, J., and Kubik, K., 1980. Gétterddimmerung over least
squares. In: Proc. 14th Congress of the International Society of
Photogrammetry Vol. B3, Hamburg, Germany, 369-378.

Larson, H.J., 1974. Introduction to probability theory and statistical infer-
ence. 2nd ed. New York: John Wiley & Sons.

Lehmann, R., 2012. Improved critical values for extreme normalized and
studentized residuals in Gauss—Markov models. Journal of geodesy,
86 (12), 1137-1146.

Lehmann, R., 2013. On the formulation of the alternative hypothesis
for geodetic outlier detection. Journal of geodesy, 87 (4), 373-386.

Lehmann, R. and Lésler, M., 2016. Multiple outlier detection: hypothesis
tests versus model selection by information criteria. Journal of sur-
veying engineering [online]. Available from: http://ascelibrary.org/
doi/abs/10.1061/(ASCE)SU.1943-5428.0000189

Pope, A.J., 1976. The statistics of residuals and the detection of outliers.
NOAA Technical Report NOS 65 NGS 1, U.S. National
Geodetic Survey, MD, USA.


http://orcid.org/0000-0002-3325-1987
http://www.ncgeo.nl/phocadownload/09Baarda.pdf
http://www.ncgeo.nl/phocadownload/09Baarda.pdf
http://ascelibrary.org/doi/abs/10.1061/(ASCE)SU.1943-5428.0000189
http://ascelibrary.org/doi/abs/10.1061/(ASCE)SU.1943-5428.0000189

Downloaded by [Ivandro Klein] at 05:55 20 September 2017

Klein et al.

Rousseeuw, P.J. and Leroy, A.M., 1987. Robust regression and outlier
detection. New York: John Wiley and Sons.

Teunissen, PJ.G., 2003. Adjustment theory: an introduction. Delft: Delft
University Press.

An approach to identify multiple outliers based on sequential likelihood ratio tests

Teunissen, P.J.G.,2006. Testing theory: anintroduction. 2nd ed. Delft: VSSD.

Xu, P, 2005. Sign-constrained robust least squares, subjective breakdown
point and the effect of weights of observations on robustness.
Journal of geodesy, 79 (1), 146-159.

Survey Review 2017 voL 49 NO 357 457



	Abstract
	Introduction
	Theoretical overview
	Least-squares estimation
	Statistical testing procedures for multiple outliers based on maximum likelihood ratio

	Two-step incremental likelihood ratio tests for multiple outliers
	Multi-step sequential likelihood ratio tests for multiple outliers
	Choosing the maximum number of outliers to be considered

	Experiments and results
	Levelling network
	GNSS network

	Discussion
	Conclusions
	Acknowledgements
	ORCiD
	References

